We demonstrate the existence of the chiral magnetic effect in an electron-positron magnetized gas. A pseudo-vector(conserved)Ohm current is induced by the electric field related to the longitudinal QED mode propagating parallel to the external magnetic field B and separating opposite charges of the same heliticity. This current breaks the pre-existing chiral symmetry. From a relation between axial and electromagnetic currents we obtain a non-conserved current leading to an expression close to the usual axial anomaly. The effect is interesting in connection to the QCD chiral magnetic case reported in current literature.
I. INTRODUCTION
Nowadays the influence of the magnetic field in relativistic quantum systems, like electron-positron plasma and quark-gluon plasma (QGP) [1] is an important subject for its device applications. In a QGP under the action of an intense external magnetic field, the chiral symmetry is broken even for massless quarks due to the QCD axial anomaly [2, 3] . In [4] was shown that a magnetic field in the presence of imbalanced chirality induces a current along the magnetic field. This is the called Chiral Magnetic Effect in a QGP [3] , which is caused by the topological gluon field configurations that couple to quarks via the axial anomaly [5] [6] [7] . In these papers, the electric current generated along the magnetic field and the associated electric field are a consequence of the breaking of chiral symmetry via QCD axial anomaly. Our approach is different: the nonvanishing electric field, associated to a longitudinal pseudovector mode in a medium in presence of an external magnetic field, is responsible of the breaking of chiral symmetry. We recall that in a medium, as different from vacuum, there is a nonvanishing four velocity vector u µ = 0. Also, we must remark that even in absence of the external field in the charged medium there are three electromagnetic modes, two transverse and one longitudinal [8] . To these three modes correspond respectively spin projections ±1, 0 along the photon momentum k, their dispersion equations being not on the light cone. The zero spin longitudinal mode dispersion equation in the infrared limit has a solution for ω = 0, k = 0 which accounts for the Debye screening [8] , leading to some analogy to the Yukawa force.
One important point is the usual consideration of zero fermion mass, which is essential for the axial anomaly in current literature. The zero mass limit has the advantage that particles have definite helicity, but this means unavoidable difficulties in presence of magnetic fields, since dealing which charged massless particles implies that divergent magnetic moments arise. In what follows the axial character of massive particles in a medium will be understood as given by the average density in momentum space of those having a common helicity.
In a quantum relativistic electron-positron plasma under the action of an external field B generated by a fourpotential A ext µ , the photon self-energy tensor structure determine the modes of propagation in both the C invariant and non-invariant cases [9] [10] [11] [12] . The magnetic field breaks the spatial symmetry, leaving invariances for rotations around B, and for space translations along it. This determines different eigenmodes according to the direction of propagation. The dispersion equations for photons propagating in the medium can be solved in any direction. For instance, for propagation parallel to B, in which we are interested [10] , for transverse modes it was found the relativistic Hall conductivity and Faraday Effect in [13, 14] . These arise due to the breaking of the electromagnetic wave chiral symmetry induced by the Cnon-invariance of the transverse modes.
In the present paper we put in evidence that for propagation parallel to B a QED pseudo-vector current is induced by the electric field of the longitudinal mode, leading to an axial anomaly in the magnetized electronpositron medium. The statistical chiral symmetry is broken by the action of the electric field (and this would be valid also for a quark-antiquark gas). The conductivity associated to the pseudo-vector mode is proportional to the corresponding eigenvalue of the photon self-energy tensor in the medium. We discuss the structure of this current in terms of the scattering and pair creation of electrons and positrons resulting from the decay of the longitudinal photons, and show that a current separating charges of opposite sign and the same helicity is produced, which means a chiral magnetic effect in the frame of QED.
The present results are based on the general properties of the propagation of electromagnetic waves, and the electromagnetic current vector, in presence of the field B, and we use the quantum field theory formalism at finite temperature [8] T = 0 and density µ = 0 (the medium is C-non invariant) [9, 10] .
II. CHIRAL CURRENT GENERATION IN QED
We will show that a chiral magnetic effect exists in the magnetized medium, but induced by the electric field associated to the longitudinal QED mode. Let us go in the details. The Schwinger-Dyson equation for the photon in the Fourier space is [8] 
, where a µ (radiation field) is a perturbation added to A ext µ , so that the total external electromagnetic field is A ext µ + a µ (the electric field of the wave E ≪ B). The quantum corrections are given by the photon self-energy tensor Π µν (k|A ext µ ), in terms of the e ± Green function in presence of the external magnetic field B (which we assume as parallel to the z axis). The photon selfenergy tensor was calculated by Batalin and Shabad in the one-loop approximation in [12] and in the magnetized medium in [9] [10] [11] . We use = c = 1 units, except for specific calculations. In the external constant field B, electrons and positrons (observable and virtual) move in bound states characterized by energy levels given by ε n l ,p3 = p 2 3 + m 2 + |e|B(2n l + 1 − sgn(e)s 3 ), where s 3 = ±1 are spin eigenvalues along x 3 and n l = 0, 1, ... are the Landau quantum numbers. These are two-fold spin degenerate, except for the ground state ε 0 in which n l = 0, and for electrons is s 3 = −1 and for positrons s 3 = 1. Quantum states are also degenerate with regard to the orbit's center coordinates [15] . For a system in equilibrium at temperature T and chemical potential µ, the net density of charged particles in the ground state (lowest Landau level, LLL) can be written from the linear in B thermodynamic potential Ω [16] , as:
and its magnetization M 0 = −∂Ω/∂B(≡ −Ω/B) by:
where n e,p = [1 + e (ε0∓µ)/T ] −1 (T is given in energy units)are the electron and positron densities in momentum space, and in Eq(1), Eq(2) their left-and righthanded helicities are labeled as L, R. According to these formulae the magnetic moments are aligned along B, showing a paramagnetic behavior. Thus, the motion parallel to B corresponds to left-handed helicity electrons and right-handed helicity positrons, and antiparallel to B to right-handed helicity electrons and left-handed helicity positrons. Higher Landau quantum numbers contribute both to paramagnetic and diamagnetic terms [16] . However, we will make here the fundamental assumption that eB ≫ m 2 , µ, T 2 , (with µ m) so that the contribution of the LLL becomes dominant whereas that from higher Landau levels is negligibly small. Notice that both terms in the sum of the right side of (1) and (2) are equal, which means equal densities of L,R helicities in the state of equilibrium.
We are just interested in the current generated from the decay of longitudinal photons in scattering of electrons and positrons and pair creation. According to [12] , [9] , the diagonalization of the photon self-energy tensor in vacuum and in a medium leads to the equation:
µ , having three non-vanishing eigenvalues η i and three eigenvectors b (i) µ for i = 1, 2, 3, corresponding to three photon propagation modes, whose electric and magnetic fields were obtained in [12] . The photon four-vector k ν has zero eigenvalue [12] . For each mode it is obtained a dispersion law
here k 3 and k ⊥ are respectively the components of the photon four-momentum in directions parallel and perpendicular to B, and ω its energy [9] [10] [11] [12] . In a charged medium, for propagation along the field B, in addition to the two transverse modes, there is a longitudinally polarized eigenmode, the pseudo-vector b 12] . As pointed out earlier for QED in a charged e ± medium, the longitudinal mode along B is not on the light cone, that is k
. Charged fermions interacting with the longitudinal mode, exchange energy by the transfer of momentum k 3 , while the Landau quantum numbers remain unchanged [14] . We assume low frequencies, so that the electric field E (2) is approximately constant in some intervals of time. Then it produces an electric current along B in which opposite charged particles, moving in opposite directions, have the same helicity, (as it occurs in the system in equilibrium, see (1)) which for E (2) > 0 is R, and vice-versa. We can then consider the fermion interaction with the longitudinal mode as a problem in (1 + 1) dimensions, which is strictly valid if we consider only the LLL. At this point we would like to point out that the two-dimensional Dirac matrices obey the identity [17] :
This implies that the axial j µ A and vector j µ currents exchange their (0, 3) components according to the same relation. Thus, in the (1 + 1) case, we can study the properties of the axial vector current by using results already derived for the vector current. The electromagnetic current as a function of A ext µ + a µ depends on the two rel-
µν F µν = B · E (notice that for the case of propagation along B, the pseudo-scalar G = 0 only for the longitudinal eigenmode b (2) µ , independently of the C-symmetry of the system). An expansion in series gives: (4) its linear term in a ν is the current density [13, 14] : (5) where E j = i(ωa j − k j a 0 ) is the electric field, with a 4 = ia 0 and k 4 = iω, also j µ (A ext µ ) = ρδ µ4 , where ρ is the charge density). The term Y ij = Π ij /iω is the complex conductivity tensor or admittivity. The third term in (5) comes from the second one by using the four-dimensional transversality of Π µν due to gauge invariance, Π µν k ν = 0 [9] [10] [11] [12] . In Eq(4) a µ is in general a linear combination of the eigenmodes b (i) µ . Below we particularize to the case in which a µ is the eigenvector a µ = b (2) µ , for which the electric field vector is parallel to B (notice that only terms contaning odd number of b (2) µ legs in (4) lead to pseudovector terms). We must observe that in the linear-in-E i approximation of j i , from the eigenvalue equation one gets also:
where normalizing b
we can write the scalar s = b
, which is the eigenvalue of the photon self-energy tensor corresponding to the longitudinal mode. As b (2) ν is a pseudo-vector, for propagation along B the current j ν is also a pseudo-vector, which is necessary for the breaking of chiral symmetry. It is easy to find a gauge transformation leading to sb ρ (2) , and from the two-dimensional tranversality k µ Π µν = 0, where µ, ν = 3, 4. We are interested only in the real part of j 3 , as that we will restrict ourselves to the imaginary part of the photon self-energy tensor. From Eq(3), Eq(6) and by using the two-dimensional transversality condition of Π µν , it is obtained:
while k µ j µ = 0 expresses the conservation law for the vector current. Here z 1 = k 2 3 − ω 2 , from now on we will restrict ourselves only to the real frequency k 2 3 > z 1 and momentum. The Eq(7) expresses the non-conservation of the two-dimensional axial current, and puts in evidence the role of the electric field, characterizing the longitudinal pseudo-vector mode, in the breaking of the chiral symmetry in both the C-symmetric and non-symmetric cases. This produces an electric current along B. Thus, a chiral magnetic effect is produced in the frame of QED.
We will now calculate the chiral conductivity in the nonstatic limit (ω = 0). We are interested in the real conductivity which can be expressed explicitly in terms of the imaginary part of the photon self-energy tensor as: [9] [10] [11] [12] . In the static limit k 3 ≫ ω, the expression (5) is still valid for the excitation of particles, which is guaranteed by the gauge invariance of a µ . The contribution to the current density j i in equation (5) due to conductivity can then be written in the general form as:
ijk is the third rank antisymmetric unit tensor. Π s ij , Π A ij are the symmetric and antisymmetric parts of the photon self-energy tensor. The first term corresponds to the Ohm current and the second is the Hall current [13] . The Hall and Faraday effects, which break the photon chiral symmetry, occur for the C-non-symmetric case, as different of the Chiral Magnetic Effect. The corresponding Ohm current is chiral-symmetric. Here we will only work with the Ohm current associated to the longitudinally polarized mode which was not discussed in the earlier papers [10] . Let us consider the specific case of propagation along B, which is chiral non-symmetric. The current density associated to the longitudinal mode can be expressed in the form:
is the chiral conductivity associated to the longitudinal mode, which now will be calculated in a charged e ± medium. The scalar s can be written in the one-loop approximation as [9] [10] [11] [12] :
here ε n,0 = √ m 2 + 2eBn, with n = n l + 1/2 + s 3 /2, α n = 2 − δ n,0 and q = (n, p 3 ). From the expression for the imaginary part of the scalar s obtained in [10] , the chiral conductivity at a finite temperature T , density characterized by a chemical potential µ, and with S n = {∆N + θ(−4ε 2 n,0 − z 1 )∆H}/Λ is obtained:
where
. The term N = n e (ε r ) + n p (ε r ) while the term H = n e (ε s )+n p (ω−ε s ). Here Λ = z 1 (z 1 + 4ε 2 n,0 ), and ε s = (ωz 1 +|k 3 |Λ)/2z 1 , ε r = (−ωz 1 +|k 3 |Λ)/2z 1 whit r, s = (n, ω, k 3 ) are the fermion energies in a magnetic field in terms of the longitudinal mode energy ω and the momentum k 3 . The term ∆N accounts for the excitation of particles [ε(p 3 , n) −→ ε(p 3 + k 3 , n)] by increasing their momentum along B, while ∆H accounts for the pair creation (only in the region z 1 < −4ε 2 n,0 ), both due to the interaction with the longitudinal mode, the Landau quantum numbers being unchanged [14] . Pauli's principle demands that vacant states must exist both for the occurrence of excitation and pair creation processes, for a fixed n, which is expected at high temperatures. As we assume eB > µ, the population of Landau states for n > 0 is negligible small, and we may take in (8) 
Notice that the particles must have right-handed helicity (for E (2) > 0). The last fact is a consequence of the paramagnetic magnetization of the system, which implies that for the LLL state, the particles have R-helicity, and for higher (degenerate) Landau numbers states with R-helicity are dominant (actually, the expression (8) contain both diamagnetic and paramagnetic terms). The current is a transport phenomenon, since it carries charge, and is a nonequilibrium process. Thus, the action of the external electric field E 3 is to break the equilibrium, and its more interesting consequence is to break the chiral symmetry of the system. Taking into account Eq(7) and Eq(8), with E = E 3ẑ and a = −ie 2 /2, it is obtained:
where A(m) = (2πm/e) ∞ n=0 α n S n and C(m) = 8πB ∞ n=1 nS n . Notice that the contribution to the non-conservation of the axial current Eq(9) term may be due to excitation of particles and also to pair creation. The Eq(9) is exactly an anomaly relation in a medium of massive particles, that bears some analogy to the Adler-Bell-Jackiw (ABJ) relation in vacuum [18] . The remarkable difference of Eq(9) with the ABJ relation is that the pseudo-scalar factor E · B appears also multiplying the usual massive term, vanishing only in the m → 0 limit. All this implies that the longitudinal axial photon plays here a similar role than the π 0 -meson at the vertex of Adler-Bell-Jackiw triangle. A closer correspondence with the Adler-Bell-Jackiw triangular anomaly (π 0 → γγ) would be obtained by taking higher order terms in the expansion Eq(4) by keeping only an odd number of longitudinal mode legs in each term. In our present model the triangle must be understood as the decay of the longitudinal axial photon in one vertex, which is absorbed by an electron or positron which subsequently radiates two transverse photons or either the decay in an electron-positron pair. This pair annihilates in two transverse photons. This means the possibility of longitudinal photon splitting in two transverse ones in a charged e ± medium under the action of a very strong field B [19] .
III. CONCLUSIONS
We conclude that as a consequence of general properties of propagation of an electromagnetic wave parallel to a constant strong magnetic field in a dense medium, a chiral magnetic effect exists in QED, manifested in the induction of an electric pseudo-vector current, separating charges of the same heliticity along the external magnetic field in analogy to the QCD chiral magnetic case. We emphasize here that photon chirality in Faraday effect exists if the pseudovector S = 0, whereas fermion chirality exists because the pseudoscalar E · B = 0.
The chiral magnetic effect we have discussed in QED in a medium can be extended to quark-antiquark electromagnetic interactions and be combined with QCD effects. A separate study of this topic will be addressed in a future work.
